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1. Introduction

This report revisits certain “old” methods of numerically inverting the Laplace transform.
Specifically, the algorithms of Lee-Weeks [1,2], and of Dubner-Abate [3] are considered. The consid-
eration of these algorithms here is motivated by the problems of electrical transmission line transient
and steady-state response simulation. Algorithms for the numerical simulation of transmission line
responses may be employed in the simulation of reflectometry measurements for the purpose of non-
destructively detecting and locating faults on a line. This is to facilitate the development of good
signal processing algorithms for fault detection and location. For example, Chang [4] advocates
the use of the Lee-Weeks algorithm in the numerical computation of transmission line responses
in a very general situation, which is that of nonuniform, coupled, lossy transmission lines with
frequency-dependent parameters. In transmission line response simulation the Laplace transforms
are irrational functions of the complex variable s, and so a general-purpose numerical method is
essential to successfully solve the problem. Of course, many other applications may give rise to the
need to invert Laplace transforms. For instance, Springer [5] suggests using the Dubner-Abate al-
gorithm for applications involving the determination of probability density functions in the algebra
of random variables.

Many readers may find it difficult to obtain copies of [1],[2] or [3], and so this report contains
a fairly detailed summary of the algorithm derivations. This also includes the correction of certain
errors which will be pointed out in the appropriate places. The methods considered here date back
to the 1960s and earlier. It is quite possible that better approaches exist !, but the old methods
have formed the foundation for more modern approaches. And the old methods at least have the
virtue of being easy to understand, are easy to program, and yet are still capable of giving good
results depending on the application, and provided that they are used with some discretion.

2. The Algorithm of Dubner-Abate

It seems useful to begin with a review of some basic facts about the Laplace transform as these
will be important in subsequent developments.

We will assume that f(t) € R (i.e., f(¢) is real-valued), is defined for all “time” ¢ € [0,00) C
R, and that f(¢) has growth that is adequately limited to permit the following improper integral
to exist

F(s) = /Ooo et f(t) dt (2.1)

Indeed, the ACM Transactions on Mathematical Software (TOMS) in the 1990s has various articles about newer
methods. For example, there is D. G. Duffy, “On the Numerical Inversion of Laplace Transforms: Comparison of
Three New Methods on Characteristic Problems from Applications,” ACM Trans. on Math. Software, vol. 19, no.
3, Sept. 1993, pp. 333-359. Also see L. D’Amore, G. Laccetti, A. Murli, ” An Implementation of a Fourier Series
Method for the Numerical Inversion of the Laplace Transform,” ACM Trans. on Math. Software, vol. 25, no. 3,
Sept. 1999, pp. 279-305.




where s = a + iw (a,w € R, and i = /—1). Of course, Equation (2.1) defines the Laplace
transform of f(t), and s € C (complex numbers). The Laplace transform maps a function defined
on the non-negative half of the real number line to a complex-valued function defined upon the
complex plane. It is not unusual to modify (2.1) by integrating from —oo to +oco instead allowing
the definition to encompass functions defined upon the entire real number line. The result is often
called a bilateral transform, whereas (2.1) is unilateral. However, the computational problems that
motivate the present report prefer to use the definition in (2.1).
From Euler’s identity 2

et = e e Wt = ¢ [cos (wt) — i sin (wit)] (2.2)

From (2.2) substituted into (2.1) we observe that

F(s) = /0 e ateos(wi) () dt — i /0 e atsin(wt) £(¢) dt (2.3)
\ ~ Re[r(s) B ~ Imyr) J
where Re[ - | denotes “real part of -,” and Im|[ - | denotes “imaginary part of -.” From (2.3) it is
now easily seen that
Re[F(a + iw)] = Re[F(a — iw)], Im[F(a + iw)] = —Im[F(a — iw)] (2.4)

The inverse Laplace transform (ILT) is

0) = 5o [T F(s) (2.5
= — e s) ds .
/ 2me /a — ioco

The integration limits imply that we integrate along a vertical line ® whose z-coordinate (real axis
coordinate) is a (with @ > 0), and that we do so from —oc to +oo. Thus, a is a constant, and so
ds = idwin (2.5). It is assumed that F'(s) does not possess singularities on the line of integration,
or any such to the right of the line. Decomposing F'(s) into its real and imaginary parts, and making
use of Euler’s identity again it is apparent that

at

f(t) = c /OO [cos (wt)Re[F(a + iw)] — sin (wt)Im[F(a + iw)]] dw (2.6)

21 /o

2Basic material about Euler’s identity may be found in many sources such as Zarowski [6]. Some fundamental
numerical issues involved in computing exponential functions are considered in [6].

3This line is really part of a closed contour on the complex s-plane. The reader ought to consult Springer [5] for
more details about this, or else see other sources that discuss the inversion of complex transforms.



There can be no imaginary part in (2.6) since we have assumed that f(¢) is real-valued for all time.
If we now make use of the conditions in (2.4) we see that (2.6) must reduce to the improper integral

f@) = %at/ooo cos (wt) Re[F(a + iw)] dw (2.7)

Following [3] consider a function A(t) assumed to be zero-valued for ¢ < 0. This function is
regarded as being divided into sections of length 7 that do not overlap. That is, we consider h(t) on
intervals [nT, (n+ 1)T) for n = 0,1,2, ... . Each such section is reflected through its boundaries
to construct an infinite sequence of even and periodic functions denoted by h,(t) each possessing
period 27'. That is, define

h(t) , nT

t < +1)T
nt) = {h(?nT—t) (- vy

T <t <nT

,_xl/\

(2.8)

A Fourier series representation is desired for each of these. Thus, these are rewritten to define them
on the interval (—7,T) according to

| hnT +t) ,0<t<T
fin (2) { hnT — ) , -T <t <0 (2.9a)
forn = 0,2,4, ..., and
A+ 1)T —-t) ,0<t<T
n(t) = { WMn+ )T + 1) , -T <t <0 (2:95)
forn = 1,3,5, .... Observe that h,(t) = h,(—t) (evenness).
Therefore, a Fourier cosine series expansion is possible according to
1 > k
ho(t) = —ano + Z Qp, f; COS (—Wt> (2.10)
2 = T
where the Fourier series coefficients are given by
2 (n+1)T k
g = 7 | h(t) cos <%t> dt (2.11)
Substituting (2.11) into (2.10) yields
2 |1 )T °° (n+1)T k k
ha(t) = T [5 /nT h(z) dz + k§1{/"T h(z) cos (%x) d:c} cos <%t>] (2.12)



Therefore

ni_ojohn(t) = %B | hia) do + é{ | hia) cos (’%%) d:c} cos (’%ﬂ)] (2.13)

If for wy = kn/T we define

a(wg) = /Ooo h(t) cos (wxt) dt (2.14)
then (2.13) becomes
i_o:o hn(t) = % Ba(wo) + i_o: a(wg) cos (wkt)] (2.15)
Suppose that
h(t) = e ™ f(t) (2.16)

From (2.14) and recalling the expression for Re[F'(s)] in (2.3) we see that

Re[F(a + iwy)] = /O T et cos (’%”t) F&) dt = a(w) (2.17)

Now (2.15) becomes

o o0

S e hy(t) = %eat BRG[F(G)] + Y Re[F(a + iwy)] cos (wkt) (2.18)

n=20 k=1

This arises simply from multiplying (2.15) by exp(at), and using the association in (2.17). Equation
(2.18) is approximately the inverse Laplace transform of F(s) for ¢t € [0,T).
From (2.9a,b) for t € [0,7)

h(nT + t) , n = 0,24, ...

int) = { M+ 0T —4) . n =135, ... (2.19)

Therefore, the left-hand side of (2.18) may be expressed as

iﬂe“thn(t) = ioe“t[hm(t) + hopt1(1)]
= i eh(2nT + t) + i e h((2n +2)T — t)



which becomes

i e“h,(t) = eh(t) + Z e“[h(2nT + t) + h(2nT — t)] (2.20)

n=20 n=1

The right-hand side of (2.20) may be rewritten in terms of f(¢) as

o

fj e ha(t) = Z e 2T fonT + t) + 2 f(2nT — t)] (2.21)

n=20

/

= ¢(t) (er}'or term)

It can be shown (see below) that the error term can be made arbitrarily small for ¢ € [0,7/2]. As
a consequence of this for such a range of ¢

£() ~ %eat %Re [F(a)] + ki_o: Re [F(a + iwg)] cos (wgt) (2.22)

which, as observed in [3]|, amounts to a trapezoidal rule approximation to (2.7). Of course, the
infinite series in (2.22) must in practice be truncated leading to an additional source of approxi-
mation error. The convergence properties of such a truncated series can be expected to yield the
Gibbs phenomenon in the vicinity of discontinuities in f(¢), which is a fact also noted in [3]. An
integral form of the truncated series approximation appears in [3], but this will not be repeated
here. However, this integral form is similar to Equation (3.144) in [6] as it involves the Dirichlet
kernel function.
For convenience define

s Re [F(a)] , k=0
U = { Re [F(a + iw)] , & = 1,2,3, ... (2.23)

in which case (2.22) may be rewritten as

2 o
f@) = =e® > ay cos (wit) (2.24)
T =
or since o, € R for all k&
2 s .
f(t) & Ze" 3 Re [age™] (2.25)
T =
We now wish to approximate f(¢) at the sample points ¢ = jAt for j = 0,1, ... , M. Hence
2 . © e
fjAL) =~ Te‘”m Re [Z ozkezk?JAt] (2.26)
k=0

5



The N-term truncated approximation to f(jAt) is therefore given by

9 N-1 o
fUAY) ~ fy(jAL) = Te‘”m Relz akeZ%JAt] (2.27)
k=0

Since j < M, tpmee = MATL is the largest time for which we compute an estimate of f(¢). Upon
recalling the restriction that 0 < ¢ < T/2 we also see that MAt < ZT. We may modify (2.27)
so that fx(jAt) may be computed using a fast Fourier transform (FFT) algorithm. To this end

select 1" so that
TAt 21

= = 2.28
T N (2.28)
which implies that
1
T = iNAt (2.29)
and also that 1
M < ZN (2.30)
If (2.28) is enforced then (2.27) is now
fn(iAat) = A peintge | L NE i ki (2.31)
N At N '
=vj
which is the corrected version of Equation (20) in [3]. The set {4; | j = 0,1, ... ,N —1}
corresponds to a common definition of the inverse discrete Fourier transform (IDFT) % of the set
{og | K = 0,1, ... ,N —1}. It is the computation of A; that may be efficiently performed using

an FFT algorithm. If as is common practice N = 2?7 (for p = 1,2,3, ... ) then a radix-2 FFT
algorithm is required. Note that FFT algorithms exist for any natural number N, including prime
numbers. However, such algorithms usually require much more effort to program than the radix-2
algorithms.

Now we may consider the error term €(t) defined in (2.21). Since ¢t € [0,7/2] it is reasonable
to assume that for some constant C' > 0 we have |f(t)| < C. That is, it is reasonable to believe

4Such a definition is common in texts on digital signal processing. As well, the technical details of how to
implement FFT algorithms may also often be found in such texts. A good example of such a text would be A. V.
Oppenheim, R. W. Schafer, Discrete-Time Signal Processing, Prentice Hall, 1989.



that f(t) is bounded on any finite interval of interest to us °. Therefore,

o~ 24T 2at e 2T 2at
|€(t)|§cZle_un(l‘i‘ea):CW(l‘i‘@a)
n =
or
e + 1 cosh (at)
< _ = a(tiT) - 2 2
€O < Cqg—7 = Ce sinh (aT) (2.32)
However, we can also more simply say that
C- —2aTn aly __ eaT +1 ~ —aT
e®) < C D e 1+ e") =057 LR Ce (2.33)
e R

n=1

where the final approximation holds for sufficiently large 7. This may be used to make a reasonable
choice for @ > 0 when T is specified, and we have some idea about the size of the bound C.

3. The Algorithm of Lee-Weeks

As in Section 2 we begin this section with a presentation of some background material relevant
to the development of the Lee-Weeks algorithm.

The method of Lee-Weeks [1,2] works with Laguerre function expansions of the approximation
to f(t). Thus, we now need to know something about Laguerre polynomials. The orthonormal
Laguerre functions (Kreyszig [7]) are

en(t) = €2 L, (1) (3.1)
forn = 0,1,2, ... with L, (t) the degree n Laguerre polynomial, and these functions are orthonor-
mal according to

/ en(Wem(®) dt = 6nm (3.2)
0
where Kronecker’s delta sequence is defined to be
1 ,n=20
5"_{0,717&0 (3:3)

Implicit in all of this is that the functions are defined for ¢ € [0,00). From (3.1) into (3.2)

/0 - e 'Ly(t)Ly(t) dt = 6p_p (3.4)

SHowever, in [3] the assumption that |f(t)] < Ct™ for some constant C > 0, and any m = 0,1,2, ... is also
made.



We see that the Laguerre polynomials are orthonormal with respect to the weighting function
w(t) = e 'u(t). The first few Laguerre polynomials may be stated as follows:

1
Lo(t) = 1, Li(t) = 1 — t, Ly(t) = 1 — 2t + 51&2 (3.5)

Various means exist for generating Laguerre polynomials of higher degrees and these are summarized
in Kreyszig [7]. The most important method is a recurrence relation that will be considered a little
later on. In general, it is worth noting that

Ln(0) = a(0) = 1 (3.6)

for all n.
We will also need to know more properties of the Laplace transform. First of all, Parseval’s
theorem for the Laplace transform may be stated as

* —2at 2 2
/Oe f@)2 dt = 2/ Fla + iw)|? dw (3.7)

Parseval theorems are associated with many other transforms, and in effect relate the energy/power
content of a signal in the time-domain to that in the frequency (transform) domain. The result
(3.7) may be justified as follows. From (2.5)

eat

f) = 5 /_ TG0+ iw) dw

so therefore (asterisk superscript “*” denotes complex conjugation)

/OOO e 2L () A () dt = i/oo 310 [/_O:o e g+ iw) dw| di

2m Jo

1 0 [ee) .
- —(a + iw)t 1) dt
2T /oo [/0 ¢ f( )

1 o0
_ 1t 7 o P :
o /_OO (@ + iw)F*(a + w) dw
— i/oo |F( + 4 )|2 d
= 5. ) Fa+ w) dw

which assumes that the order of integration may be changed as required. This derivation is illus-
trative of how to obtain Parseval theorems for many other transforms.

F*(a + iw) dw



Now suppose that L{f(¢)} = [ e *'f(t) dt then for & > 0

Lifen} = [ e oty i = é [Terpmdr (= an

and so

sy = -1 (%) (3.8)

o}
which is the scaling property for the Laplace transform. In addition to this property consider

L{e®f(t)} = /0 TG dt = F(s — ) (3.9)

Of particular importance in what follows is £{L,(¢)}. The necessary result may be derived as
follows. From [7] we have

La(t) = ]zijo (_j})j ( ;‘ ) t (3.10)
Observe that , . .
/0 L, (1) dr = kzz:l (_2 ( Z: } ) tk (3.11)

Next, observe that after some straighforward algebra

Loa(®) = [ Loa(r) dr =
1+7§(_k—1!)k[<n;1>+<2:})] t’“+(_n1!)n<2:i>t" (3.12)

) ()

From Gould [8] (see p. iv)
This immediately implies that (3.12) becomes

Liat) — [ L (7 dr = Lo(t) (3.14)

Now since another property of the Laplace transform is

c {/Otf(T) ar} = éF(s) (3.15)



(integration property) we observe that upon Laplace transforming (3.14) we obtain

L s®} = ¢ LLar(} = £{La(0)}

or
s — 1

S

L{Ln(t)} =

As Ly(t) = wu(t) (unit step function; recall that the functions at hand are assumed zero-valued for
t < 0) we have L{Ly(t)} = 1/s, and so (3.16) implies (via mathematical induction; see Zarowski
[6] for a review of this method of proof)

L{Ln 1 (1)} (3.16)

Ly = S (3.17)

Sn+1

This result often appears in mathmatical tables of the Laplace transform (e.g., CRC tables [9]).
The N + 1-term Laguerre series expansion that approximates f(t) is given by

In(t) = e* fj n €n (%) (3.18)

n=20

where 7" > 0 is a suitable scaling factor. The Laguerre series expansion coefficients are given by

4 = % [T e (%) dt (3.19)

It is important to note that for all e > 0 there is an integer N(e) > 0 such that forany N > N(e)

/0 Te () — ()P dt < e (3.20)

This prescribes the sense in which fy(¢) approximates f(¢). Plainly, the Laplace transform of the
approximation is

Fy(s) = /Oooesth(t) dt (3.21)

However, if we employ (3.17) in combination with the basic Laplace transform properties (3.8), and
(3.9) it is immediately apparent that we have a simple closed-form expression for this transform,
which is

Fx(s) = 3 an (s -2~ ﬁzﬂ (3.22)
n=0 (s—a-l— %)

10



Now from Parseval’s theorem in (3.7)

/0°°62at|f(t) _ P dt = —/ Fla+iw) — Fy(a+iw)?do < € (3.23)

(N > N(e)). From (3.22) with s = a + iw, and (3.23) we see that

2

1 oo N iw — )"
—/ Fla+iv) — Y a, ( QTZH dw < € (3.24)
21 J—o0 n=0 (z’w + %)
(N > N(e)).
Next, we make a change of the frequency variable w according to
1 0

We now digress for a moment to consider the bilinear transformation (o € R)

, = - (3.26)
s+ «

which helps to explain (3.25). It is perhaps worth mentioning here that the bilinear transforma-
tion is the foundation for an important classical method of designing digital filters based on the
transformation of analog prototype filters specified by a Laplace transfer function to corresponding
target digital filters prescribed by a z-transfer function. In general, s,z € C. However, suppose
here that s = 4w (so s is a point on the imaginary axis of the complex s-plane). In this situation
there exists # € R such that )

0 W@ (3.27)

w + o

That is, the mapping (3.26) takes a point on the imaginary axis of the s-plane and maps it to a
point on the unit circle {z | |z| = 1} of the z-plane. In fact, from algebra involving suitable
trigonometric identities we may use

o = awt(3) (3.28)

For our present circumstances we have « = 1/27T.
Now note that we may rewrite (3.24) as

1 g
L

2

z'w-l-ﬁ

iw— 2\
F(a+iw) (iw + %) - N _Lan (—21T—>
5 dw < € (3.29)

; 1
‘Z&)"‘ﬁ

11



(N > N(e)). With (3.25), and noting that fcot z = —csc?z we now find that

1 1 -1
7 o = AT sin? (%) w

. 1
‘zw—i-ﬁ

Hence in (3.29)

Thus, (3.29) simplifies yielding

T 7|/ 1 i 6 i 0 N .
I _ _ e F o z o 0n
o /w <2T + 2TC0t<2)> (“ tor COt(Q)) EO‘W

(N > N(e)). In other words

A(9) = Lot (8) Fla + it cot (2 ~§ ion (3.31)
= |37 Z2T Cco 2 a Z2T Cco 2 ~ ane .

n=20

9 < e (3.30)

This expression will be used to find the expansion coefficients a,, which will then produce the desired
approximation to f(t) via the application of (3.18).
We may express F'(a + iw) in terms of its real and imaginary parts, i.e.,

F(a + iw) = Fi(a + w) + i Fi(a + iw) (3.32)

1 1 0 o1 6
h(#) = Re {lﬁ + zﬁcot <§)] F (a + zﬁcot <§>)}
1 1 6 1 0 1 0
= ﬁFr (CL + Zﬁ cot (5)) - ﬁcot (5) E <a + 'lxﬁ cot (5))

Therefore,

N
~ Y ay, cos (nb) (3.33)
n=0
via (3.31). For
2k + 17
FT N+ 12 SRR (3.34)
it can be shown that
1 «N
N7 2k =0 h(Ok) . n =0
Ol et 3.35
= T s ) | 2 O (3.35)

12



This is actually Chebyshev interpolation to recover a, from samples of h(f). It is recommended by
Weeks [2], and is based on the observation that z = cos § , and so T,,(x) = cos (n cos ! x) is
the degree n Chebyshev polynomial of the first kind (Zarowski [6], Kreyszig [7]).

An alternative interpolation procedure is DF'T/FFT interpolation. Recall (3.31), and consider
it for

0, = N2j: ko k=01, ... N (3.36)
yielding
N . 2m
A(Oy) = nX::OaneXp (ZN n 1kn) (3.37)

This is essentially an N + 1-point DFT. Hence a,, may be recovered from the samples A(fy) using
an FFT algorithm. If N = 2P — 1 then a radix-2 FFT algorithm may be employed.

Weeks [2] offers guidance in the selection of the constants a, and 7. L, (x) has n real, distinct
and positive-valued zeros zy, (i.e., Ly(xx) = O0for k = 1,2, ... ,n). If z, is the largest such zero
then it turns out that

Tn < 2+1 4+ /(2 +1)2+1/4 % dn

implying that e, (z) oscillates for x € [0,4n], and decays exponentially for x >> 4n. This leads us
to expect that the approximation to f(¢) given by fx(t) will only be a good one if for t € [0, ,44]
we have

t
max 4N )
- < (3.38)
Weeks suggests that
tmaz
T = 3.39
N (3:39)

Weeks also suggests that NV be in the range 20 < N < 50 and that

)u(ao + = > (3.40)

mazx

CL=(CLO+

mazxr

where as before u(z) is the unit step function, and ay is the smallest real value such that for a > ay
the following integrals converge:

/ooe_“t|f(t)|dt < o0, /°°e—2at|f(t)\2dt < o (3.41)
0 0

The constant ag is determined by finding the location of the right-most singularity of F(s).
Additionally, Weeks [2] presents simple recursive schemes to determine such parameters as

1 b,
w; = ﬁ cot 5

13



and cos(nf;) for j = 0,1,2, ... , N. The development of these follows from certain trigonometric

identities, and is summarized as follows.

From (3.34), 6 = 755, andforj = 1,2, ... N

(9j = Hj_l + N+17T = 0]'_1 =+ 290
Since . 05 .
cot o co —
t =
cot (o + f) cot « + cot 3
we see that

1 Hj 1 9j_1 1 ™
wj:ﬁcot 5 zﬁcot 5 +N+1§

icot [9”"1] cot [Lg] -1

_ 2 N+1
0;_ 1 =
2T cot [_]2_1] + cot I:N—‘HE]
1 6;— 1 1
_ o cot [%] (ﬁ cot 00) — 0
= COt [ej;] + 5% cot By
Define for convenience the constants
1 1
= —cotby, 6§ = —
T g e 4T?
and so thus we see that (3.44) reduces to
/ij—l )
wj = ————
Wj—1 + 7y
forj = 1,2, ... ,N, where wy = 5 cot (%0) = %%no%seo_ If we recall the identities
cos (e + ) = cosacos f — sin asin f
sin (¢ +8) = sin acos § + cos a sin
then from (3.42)
cos §; = cos (26y) cos 8,1 — sin (26) sin 6,_4

sin §; = sin (26y) cos §;_1 + cos (26) sin 6,_;

14
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(3.43)

(3.44)

(3.45)

(3.46)

(3.47a)

(3.47b)

(3.48a)
(3.48)



forj = 1,2, ... ,N5 As well
cos (nh;) = cos[(n—1)8; + 6;] = cos (n—1)0; cos ; — sin (n — 1)0; sin 6, (3.49)
and
cos ((n —1)8;) = cos (nb;) cos 6; + sin (nf;) sin 0;

implying that
cos ((n—2)6;) = cos (n—1)§; cos §; + sin (n — 1)6; sin 0; (3.50)

Upon combining (3.49) with (3.50) we obtain
cos (nj) + cos ((n—2)8;) = 2cos (n—1)6; cos b;
or finally
cos (nh;) = 2cos (n—1)8; cos; — cos (n —2)0; (3.51)

forn = 2,3, ... , N (which is needed in (3.35)).
Finally, in order to determine e, (t/7) in (3.18) we require the following recursive method for

en(2) ([2], or [7]):

eno(z), n > 1 (3.52)

where eg(z) = %2, ei(z) = (1 —x)e %2
4. Additional Comments

Hurwitz and Zweifel [10] have proposed that Fourier integrals be evaluated using Gaussian
quadrature [6]. Now the method in Dubner and Abate [3] reveals that the problem of inverting
Laplace transforms is equivalent to working with Fourier integrals, except for the presence of an
exponential factor. Thus, the scheme in [10] may be applied to the problem of the numerical
inversion of Laplace transforms . The Dubner-Abate algorithm is essentially a trapezoidal rule
which is interesting in that de Balbine and Franklin [11] maintain that with respect to accuracy ”...
the trapezoidal rule is at least as good as any other rule of quadrature for infinite range integrals.”
This implies that the Dubner-Abate algorithm is not likely to be inferior in accuracy relative to the
approach of Hurwitz-Zweifel, and yet the Dubner-Abate algorithm is much simpler.

5Remember as well that

cos (26p) = 2cos? fp — 1, sin (26p) = 2 sin @y cos o

"This has been suggested by Schmittroth; see reference [1] in Dubner and Abate [3].
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However, a straightforward implementation of quadratures can suffer from slow convergence in
that many terms are required to achieve good accuracy. Fourier integrals are typically oscillatory
in their integrands, and as noted in Davis and Rabinowitz [12] an approach to the evaluation of
such integrals is to compute the positive and negative contributions individually, and then sum the
resulting infinite series. A problem with this is that one must know or be readily able to determine
the locations of the zeros of the integrand, and of course this may be difficult in practice. As
well the resulting series may itself be slow to converge. Transformation strategies (e.g., Euler’s
tranformation) can be used to accelerate convergence, and some more recent improvements to
numerical methods for the inversion of Laplace transforms make use of ideas such as these. (Some
of the papers cited in the present report refer to appropriate references in this area.)

The notion that quadratures of a higher order than the trapezoidal rule may not lead to sig-
nificant improvements in accuracy has been challenged by Lee and Beaulieu [13]. To some extent
[13] revisits the Poisson summation analysis of de Balbine and Franklin [11]. Therefore, it seems
appropriate to give a brief account of the contents of [13] here.

The continuous-time (analog) Fourier transform of f(¢) is

F) = [ T F()e e dt (4.1)
The trapezoidal rule approximation is
Flw) = h Y f(nh)e ™™ = F(w) + Ei(w) (4.2)

(h = At) so Ey(w) is the error term. From Papoulis [14] (Equation (3-87)) we note the Poisson

summation formula
o o0

h > f(nh)em™ = Y Flw — wgn) (4.3)
where w; = 27 /h (sampling frequency in radians/second if time ¢ is in units of seconds). Thus,
Ey(w) = > Fw — wsn) (4.4)
n = —oo
n # 0

It is apparent that Ej(w) is aliasing error. If h is small enough, and F(w) is bandlimited so that
f(t) has no energy for frequencies w > wg, then E;(w) = 0 provided that ws > 2wg
(Whittaker-Shannon-Nyquist sampling theorem). Of course, many practical situations (such as the
computational problems motivating this report) do not yield a bandlimited f(¢).
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As in [13] let Tj|w] denote the trapezoidal rule approximation to F'(w), and let Sp[w] denote the
Simpson’s rule approximation to F'(w). Of course, the subscript “h” denotes the panel width in
the approximations. It is known via the Romberg procedure (e.g., [6]) that the two approximations
relate according to

Sals] = 3(Tafw] = Tufw) (4.5)
Since from (4.2) Thlw] = F(w) + Eiy(w), via (4.5) we have
Splw] = F(w) + =<4 i Flw — nws) — i Flw - 1ncus)
\ nn_;«é_(;)o nn_;é—(loo

where
= % i:: {4[F w—nws) + F(w+nws)] — [F (w - %nws) + F (w—l— %nws)]} (4.6)

It is argued in [13] (and examples are provided) showing that signals f(¢) exist for which the error
term Fg(w) is smaller than the error term Fj(w). That is, the Simpson’s rule quadrature can be
more accurate than the trapezoidal rule quadrature, even though the Simpson’s rule quadrature is
of a higher order than the trapezoidal rule.

5. Examples

In this final section we illustrate the algorithms of Dubner-Abate and Lee-Weeks as applied to
the following special cases, all of which were examples considered in [2] and/or [3]:

fi(t) = %exp (—%) sin <?t> u(t) «— Fi(s) = ﬁ
Alt) = ult = 25) — Ry =
1, . s
fa(t) = itsm(t) u(t) «— F3(s) = 1 1)

where u(t) is the unit step function. Respectively, we shall refer to these three examples as the
“damped sinusoid,” “shifted step,” and the “unbounded sinusoid.” Note that in both [2] and [3] the
function f;(t) is not correctly stated.
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The application of the Dubner-Abate algorithm to the above three examples appears in Figs.
1 to 3. In all cases the numerically approximated inverse transform is a very good fit to the
true inverse transform. The Lee-Weeks approximations appear in Figs. 4 to 7. Note that these
results were generated using 7' as given in (3.39), with ¢, = MAt, and that a = 1/tpes
(which assumes that ag = 0 in (3.40)). The approximation errors are certainly larger than the
approximation errors associated with the Dubner-Abate method. The Gibbs phenomenon is quite
evident in the example of Fig. 5. Figures 6 and 7 compare Chebyshev interpolation to DFT/FFT
interpolation in the Lee-Weeks algorithm. The results suggest that Chebyshev interpolation is to
be preferred over DFT/FFT interpolation, and that the Lee-Weeks methodology is sensitive to the
choice of interpolation procedure. Additional experiments (not reported here) seem to confirm this
conclusion. However, Weeks [2] does not consider anything other than Chebyshev interpolation.
Overall the results in Figs. 1 to 6 are certainly comparable to those reported in [2], and [3].

The examples considered here seem to imply that the Dubner-Abate algorithm is more accurate
than the Lee-Weeks algorithm. However, a consideration of all examples to be found in [2], [3]
and [4] suggests that this is a premature conclusion. Springer [5] has remarked that there seems
to be no one universally superior method for the numerical inversion of Laplace transforms. More
recent literature on the subject of numerical inversion of Laplace transforms suggests that although
improvements in algorithms have been made since the 1960s that there is still no one universally
superior approach.
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Damped Sinusoid

f(t)

time (t)

——f(t)
—=— Approx. to f(t)

Figure 1: Inverse transform of the damped sinusoid using Dubner-Abate. Here N

512, M = 100, At = 0.5, a = 0.05.
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Shifted Step

—e—f(t)
—=— Approx. to f(t)

f(t)

time (t)

Figure 2: Inverse transform of the shifted step using Dubner-Abate. Here N =
256, M = 50, At = 1.0, a = 0.05.
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Unbounded Sine

-10

-20
-25
-30

time (t)

——f(t)
—s— Approx. to f(t)

Figure 3: Inverse transform of the unbounded sine using Dubner-Abate. Here N

256, M = 50, At = 1.0, a = 0.05.
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Damped Sinusoid

0.6
0.5 -
0.4
0.3
0.2
0.1

——f(t)
—=— Approx. to f(t)

f(t)

-0.1
-0.2

time (t)

Figure 4: Inverse transform of the damped sinusoid using Lee-Weeks with Chebyshev
interpolation. Here N = 31, M = 50, At = 1.0.
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Shifted Step

1.2

0.8
0.6
0.4
0.2

——f(t)
—=— Approx. to f(t)

fit)

-0.2
-0.4

time (t)

Figure 5: Inverse transform of the shifted step using Lee-Weeks with Chebyshev inter-
polation. Here N = 31, M = 50, At = 1.0.
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Unbounded Sine

—e—f(1)
—=— Approx. to f(t)

fit)

time (t)

Figure 6: Inverse transform of the unbounded sine using Lee-Weeks with Chebyshev
interpolation. Here N = 127, M = 50, At = 1.0.
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Unbounded Sine

—e— f(t)
—s— Approx. to f(t)

time (t)

Figure 7: Inverse transform of the unbounded sine using Lee-Weeks with DFT/FFT
interpolation. Here N = 127, M = 50, At = 1.0.
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This report was prepared with the aid of many different software tools. Numbers were “crunched”
using Java J2SE with the BlueJ IDE. That is, the algorithms of Dubner-Abate and Lee-Weeks were
implemented as Java methods. The Java FFT method of Palmer [15] was used. Plots were initially
generated using the MS Excel charting feature. These were converted by various means (details
omitted) into encapsulated postscript (eps) form so that they may be incorporated into a LaTeX
file. The LaTeX source file was processed under Linux 9 into postscript (ps) form, and finally into
pdf form.
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